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The complexity of CaCOj deposit formation on a flow surface arises from the need
to take into account the multicomponent transport of all ionic species involved in the
carbonic system. Several semitheoretical and empirical models are available. This arti-
cle presents a rigorous kinetic model that takes into account the diffusional transport
of all species involved in CaCOjz wall deposition under turbulent flow as well as the
kinetics of the CaCOj crystallization reaction. Conditions under which high- and low-
pH simplified expressions may be used are evaluated. It is shown that the simplified
precipitation rate equations provide results within 10% of the rigorous solution when
the high-pH expression is applied for solutions at pH levels above 9.5, and the low-pH
expression is applied for solutions at pH levels below 7.6. © 2011 American Institute of
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Introduction

The kinetics of CaCO;3 deposition on flow surfaces is of
widespread interest in many engineering applications, nota-
bly cooling tower water systems and both thermal and mem-
brane desalination processes. Comprehension of the kinetics
of this system is closely allied to scale control efforts.

Numerous kinetic models had been proposed spanning
from strictly empirical correlations' ™ to expressions derived
on the basis of physical and chemical considerations.”°
The kinetics of CaCOj; precipitation continues to evoke con-
spicuous interest as evident from the steady publication of
articles on this topic.'' ™"

The complexity of the CaCOj; precipitation system
arises from the need to consider the combined role of sev-
eral mass transfer and chemical reaction processes. All
available models are based on assumptions severely
restricting their applicability. Approximate kinetic expres-
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sions for CaCOj carbonate deposition at low- and high-pH
conditions developed by Hasson et al.”® have been used
in numerous studies.”' !4

The aim of this article is to provide a rigorous kinetic
analysis, which enables to assess the range of conditions at
which the simplified equations are of sufficient accuracy.
The system considered is wall deposition of a crystallizing
CaCOj; scale layer from a supersaturated solution in isother-
mal turbulent flow through a tube.

Precipitation Process
Balance equations

Figure 1 shows wall deposition of a crystallizing
CaCO; layer from a supersaturated solution flowing
through a tube. Bulk precipitation that may occur at high
supersaturation conditions is neglected here. The overall
reaction involved in the wall crystallization process of
CaCoOs is:

Ca™ + 2HCO; — CaCOj() + CO, + H,0 (1)
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Figure 1. Transport of the reacting species from the
solution bulk to the crystallizing layer.

The mechanisms involved are an initial crystallization
reaction:

Ca* + CO;? — CaCOx )

followed by shifts in the equilibria of the ionic species
participating in the crystallization process:

H" + HCO; = CO, + H,0 3

HCO; = H' + O3~ 4

According to the above mechanism, reacting species
(Ca”, Cco?, HCOy3, and OH™) are transported toward the
deposition surface, and reaction products (H" and CO,) are
transported away from the surface. It is assumed that both
the crystallization reaction (Eq. 2) and the carbonate reac-
tions (Egs. 3 and 4) are surface processes. The minor species
involved in the above system (CaOH™, CaCOg, and
CaHCOY) are neglected here, because their influence is neg-
ligible under most practical scaling conditions.

The six species involved in the diffusional transport process
accompanying the CaCOj; crystallization process are Ca*",
Cco?-, HCO3, OH™, H", and CO,. An additional species
involved in the interphase reaction is CaCOj;. A set of four in-
dependent reactions relating these species is as follows:

CO,+H,0 = HCO; +H" 6)
CO,+OH = HCO; (6)
HCO; =H"+C0;? N

Ca™?+C0;? = CaCOy ®)

With seven species and four independent reactions, three
invariants of the system express mass and electrical balances
interrelating the molar fluxes J; of the various species:

JCa” = JCaCQ3 (9)

2‘]Ca+2 = -,HCO; + 2‘]CO3’2 +Jou- —Jyr =Jr (10)

Joar2 :JHCQ; +JCO;2 +Jco, (11)

The physical significance of these balances is simple to
interpret. Equation 9 states that the Ca®" flux equals the
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crystallization rate. Equation 10 expresses conservation of
electroneutratlity—the equivalent Ca’" flux is balanced by
the total alkalinity flux. Equation 11 states that the rate of
CaCOj5 crystallization equals the rate of depletion of carbon
species from the solution.

Diffusional transport equations

The general material balance of ionic species in a diffu-
sional transport system is given by:

oc;

E’JFVJ,:r, (12)
where ¢; is the concentration of species i (mol/m3), J; is the
ionic flux of species i (mol/mzsec), and r; is the rate of
production of species i (mol/(m® s)). Diffusional transport of
the ionic species is governed by the Nernst—Planck equation:

F
Ji=-D (VCi + ziCiﬁVV> (13)

where D; is the diffusion coefficient of ion species i, C; is its
molar concentration, z; is its charge, F is the Faraday constant,
R is the universal gas constant, T is the temperature, and V' is
the electrical potential generated by the motion of ions having
different diffusivities.

Combining Eqgs. 12 and 13, the general material balance
for species i is:

% + V(fD,-Vc,- — Z,'M,'F(,'iVV) =TI (]4)

where u; represents the mobility of species i (mol mz)/(J S),
and r; is the rate of production of species i (mol/(m® s)).
Solution electroneutrality is given by:

Zz,-c,- =0 (15)

Also, as already verified by Eq. 10, the fluxes of the dif-
fusing species conserve electroneutrality. In the absence of
an electric current,

Z],z,- =0 (16)

For a one-dimensional steady state system, Eq. 12 reduces

to:
dlj
= a7
and Eq. 13 simplifies into:
dG; F dv
Jl - _Dl (K"‘ Zlclﬁ'&> (18)

Table 1 lists values of ionic diffusion coefficients at infi-
nite dilution at 25°C."7 It is seen that except for the hydro-
gen and hydroxyl ions, all other ions have closely similar
diffusivities. For equal diffusivities, it can be readily shown
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Table 1. Values of Ionic Diffusion Coefficient at 25°C at
Infinite Dilution

Dy 9.31-x 1072 (m%/s) Dycos 1.13-x 1072 (m%/s)
Don 5.27-x 1077 (m?%/s) Dcos 0.97-x 1072 (m%s)
Dcon 2.00-x 1077 (m%/s) Dca 0.79-x 107° (m%/s)

that the electrostatic potential gradient dV/dx = 0 and ionic
flux equations can be simply described by Fick’s law.

In most cases, the neglect of the potential gradient term is
justified even in the presence of the high diffusivities of the
H" and OH ions for two reasons. The concentration levels
of these ions are usually much smaller than those of the
other ions, and also in mass transfer systems, diffusion is
controlled by the slower moving ions.

Finally, it is of interest to note that the ionic strength level
of the solution also acts to diminish the potential gradient
term, as evident from the following expression derived from
Eq. 18:

i.ﬂ:_ ZDi.d(ZC;;(Ca) . ZDi,d(zc.'l;(Ca) (19)
RT dx ZDi'Ziz'Ci ZDi'Ii

The above considerations justify analysis of the CaCOj;
crystallization system by the simplified form of Eq. 18:

dG;

b=y

(20)

Rigorous and Simplified Equations

This section presents a rigorous model describing precipi-
tation of CaCO; from a supersaturated solution followed by
simplified models based on relaxed assumptions. The rigor-
ous model takes into account multicomponent diffusional
transport of all carbonic ionic species while maintaining the
equilibria of the carbonate system. The simplified models are
based on an average diffusion coefficient for all ions while
diffusional transport of H* and OH™ is neglected.

Rigorous analysis

It is well established that the ionic species involved in the
second dissociation constant of carbonic acid (H*, HCOj,
and CO%") reach an instantaneous equilibrium during the
precipitation reaction. This is not the case for the first disso-
ciation constant of carbonic acid, because one of the reac-
tants (CO,) is not in an ionic state. However, if the CO,
reaction is sufficiently fast, it can be assumed that reactants
involved in the first dissociation constant (H", HCO5, and
CO,) also hold an instantaneous equilibrium. This assump-
tion simplifies Eq. 17 into:

dJ;

=0 @21

The diffusional transport of the various species is then
simply given by:

Ji = kp,(cg — Cint) (22)
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where Cg and C;,, are the bulk and interfacial concentration,
respectively, of species i, and kp; denotes the mass transfer
coefficient of the diffusing species.

Given the bulk composition of the supersaturated solution
(Ca2+,CO?,HCO;,OH_,HJ“,COZ) and the mass transfer
coefficients of the various species (kCaZﬁ»,kCO%f,kHCOﬁ ,kou-,
kit kco, ), the unknown parameters are the interfacial com-
position (Ca;'?,CO%- HCOj;,, OH;,Hi  CO,,,), and the
fluxes of the various species (JCa2+,Jcog—,JHC0;,J0H*,
Jy+,Jco,,Jcaco, ). The 13 unknown parameters are deter-
mined by the solution of the following set of 13 equations:

Balance equations

Jey2 = Jcaco, (23)
2‘]Ca‘2 = JHCO; + 2‘]CO§2 -+ JOH’ — JH* = JT (24)

JCa” = JHCO; =+ ‘ICOS’Z =+ JCQ2 (25)

Transport equations

Jear = kg2 (Ca*?—Cayf) (26)
Jeg- = ke (CO3?—COsin2) 27
Jnco; = kuco; (HCO3 —HCO3 int) (28)
Ji+ = ks (HT=H{)) (29)

Jon~ = kon (OH™ —OHj,,) (30)
Jco, = kco, (COyin—CO») (€29)

Equilibria conditions

[H7)[HCO;] _ [H'],,[HCO;]

_ int __ K/ (32)

[COZ] [COZ]im !
[H+HCO3_2} _ [H+]im[co3_2]im _ K/ (33)

- = = =18

[HCO; | [HCO; iy
[H'][OH"] = K|, (34)
Surface integration reaction

Jeaco, = ke[(Ca™);, (CO3?)iy — Ko (35)

Rate coefficient of the surface reaction

The rate coefficient kx (m*/s mol) of the surface reaction
has been shown to depend on temperature according to the
Arrhenius equation:

Inkg =Inky — E/RT (36)
Table 2 summarizes literature values of the frequency
coefficient ky and the activation energy E:
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Table 2. Literature Values of the Calcite Crystallization Rate Coefficient

Reference Experimental System

Value of k&,

Activation Energy (J/mol)

1
3
8
18

Seeded growth experiments
Seeded growth experiments
Falling film
Falling film

3.43 x 107 L/mol min per mg seeds/L
6.56 x 107 L/mol min per mg seeds/L
6.67 x 10'® cm/s per g CaCOs/cm®
3.66 x 10" cm/s per g CaCOs/cm®

45,830
42,920
86,250
72,210

Mass transfer coefficient kp

Mass transfer correlations under turbulent flow have the
following general form:

kp -1

5 =4 Re” - Sc¢¢ (37

Sh =

where Sh is the Sherwood number, kp is the convective mass
transfer coefficient, / is the flow passage diameter, D is the
diffusion coefficient, Re is the Reynolds, and Sc is the Schmidt
number. Several mass transfer coefficient correlations are
available'”* showing somewhat different values of the ex-
ponents appearing in Eq. 37. The presents study is based on the
most widely used correlation developed by Linton and Sherwood:

kp,

i 0.023 - Re™ 0175072/ (38)

It may be noted that the effect of the solution ionic
strength on the mass transfer coefficient is negligible for
usual water compositions in which the level of total dis-
solved solids is less than 0.1 M (around 6 g/L). For instance,
the diffusion coefficient of an aqueous solution containing
0.1 M of NaCl at 25°C is 92% of the infinite dilution diffu-
sion coefficient. As the kD, varies with D?'67, the ionic
strength will affect the mass transfer coefficient by only 5%.

Simplified models

Simplified models for high pH and low pH conditions
were derived by assuming that the transport coefficients k;
are equal and neglecting the transport of H" and OH™ ions.
The difference between the two models lies in the assump-
tion made on the predominating carbon species, as described
below. Confrontation of the simplified models with experi-
mental data showed in general satisfactory agreement.7_8’18’9

Low pH simplified equation

The low pH model is based on the simplification that the
CO3? concentration is negligibly small so that the carbon
species that need to be taken into account are HCO; and
CO,. The transport equations and the surface reaction are
then described by:

JCaCO; = KD [Ca*z—Cagﬂ (38)
. [HCO; HCOj i

= kp { > — } (39
— kp[COsin—COy] (40)
— kg [(Cai“) (CO;zim)ngp} 1)
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and Kp, is evaluated from:

1 1 1 1
—= +——t—r /3 42)
kp {kCaH kico,  kco, } / (

Elimination of the unknown interfacial concentrations
yields the following expression for the crystallization flux:

Jeaco, /1 (Jcaco,
—= 4+ K —=4+CO
( kg 8 kp e

_ 4Ky (e Jeaco,) (HCO5 o, (43)
kp 2 kp

Expansion of Eq. 43 yields an explicit expression for the
crystallization flux:

4K, (Jcaco, g n Jcaco, 2Cd+2.B_JCaC03
K \ky ) O, \hy ) CO, Ko,

+[(ca*?)(cos?) ~ K}, | =0 (44)

where B and - are given by:
o

4K} HCO3 \ /Jcaco
B=—"2(1+—2)(—=—=2+CO
K (+ Ca )( oy 02
4K}, ( Jeaco ) <HCO* Jeacoy )
2 Ca+2_ 3 3 3 45
K] kp 2 ko (43)
11 4(Ca*?)(CO3?) K 1
— = [(Co;?) + 3 P_| 4 (46
ko,  kp (cos7) (HCO;) (COy)| kg (46)

At low fluxes, the cubic term is negligible compared with
other terms. Equation 44 may be then solved and rearranged
in the form of:

b [(€a%?) (0%) — K
G

Jecaco; = (47)

where G is given by

2 2
20?1707 |y Ky
- \/1 Mok {1 (Ca‘z)(CO;z)}
G—
2

(48)

When the interfacial reaction resistance (1/kg) of Eq. 46 is
negligibly small compared with the transport term, and the
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HCOj3 is much higher than Ca concentrations, Eq. 47
reduces to:

{(coy?) - &=}

Jeaco, = kp(Ca™?) - {(CO_2) + o }
3 Ca'?

~kp(Ca™?) (49

Similarly, when the Ca™ concentration is much higher
than the HCO3 concentration, Eq. 49 reduces to:

kp (HCO;
Jeaco, = M (50)

High-pH simplified equations

The high pH model is based on the simplification that the
CO,, and HCO5 concentrations are negligibly small so that
the only carbon species need to be taken into account is
CO%f. The transport equations and the surface reaction are
then simply described by:

Jeaco, = kp(Cat?—Caf?) (51)
= kp(CO;>—CO3in ) (52)
= ke ((Caiif) (CO52) — K3, ) (53)

where, by analogy to the Nernst binary diffusion equation, the
average value of kp is given by:

1 1 1
[ 2 54
ko (k +kcozz) / (54

Elimination of the unknown interfacial concentrations, the
final result obtained can be most instructively expressed in
the following form:

K,|(Ca*?)(€O5?) — K,
F

Jeaco; = (55

where the parameter F is given by

F =

Cat2

2
{(Ca+2+CO§2)/L} ) )
kp K, fco=2
Jamry e (56)

and K, the overall crystallization coefficient, is given by:

1 _[(ca?)+(co?)] | 1
K- b k or

Equation 57 shows that the overall resistance to crystalli-
zation is governed by two resistances in series—a resistance
due to diffusional transport followed by a resistance due to
the interfacial crystallization process. When the interfacial
reaction resistance (1/kr) of Eq. 57 is negligibly small com-
pared with the transport term and the Ca™ and the CO3 2
concentrations do not differ much, Eq. 55 reduces to:

Jeaco, = kp { (Ca™?)(C0O5?) — /K;p} (58)

Comparison of Results of Rigorous and
Simplified Models

Simulations were carried out to compare results of the
various models so as to establish the range of conditions
under which the simplified equations may be used. The crite-
rion selected for considering that the simplified equation pro-
vides a good approximation was that the absolute deviation
from the accurate result is less than 10%. Table 3 summa-
rizes values of parameters used in the simulations.
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Effect of the pH level on the precipitation rate

Figures 2—4 illustrate the general effect of the pH level on
the precipitation rate evaluated at various concentrations and
Reynolds numbers by both the rigorous model and the sim-
plified equations. The data plotted in Figures 2 and 3 show
precipitation rates obtained at Re = 11,100 and calcium con-
centrations of 100 and 400 ppm, respectively, at a total alka-
linity (TA) of 500 ppm as CaCO;. Agreement between the
rigorous and simplified equations is obtained at both Ca con-
centrations when the pH is less than 7.5-7.8, for the low pH
equation and above 9.2-9.5, for the high pH equation.

The typical effect of increasing the Reynolds number to
22,200 is displayed in the results plotted in Figure 4, for Ca

Table 3. Physicochemical Parameters Used in the
Simulations

Calcium
(100—400 ppm)

Total Alkalinity
(100-500 ppm as CaCOs)
Re = 4400-22,200
K, 4.39-x 10" (mol/m’) Dy
K> 4.67-x 10~% (mol/m®) Don

9.31-x 1077 (m°/s)
5.27-x 107° (m%/s)

K, 1.88-x 10~% (mol*/m®) Dcon 2.00-x 107° (m%/s)

Ky 3.68-x 107> (m*/(mol s))  Dpcos  1.13-x 1077 (m%/s)

K 3.32-x 107 (mol’/m®) Dcos 0.97-x 107° (m%/s)

Kcor  3.14-x 107°- Dca 0.79-x 107° (m%s)
1.98-x 107* (m/s)

pH 7-11 Temp. 25 (°C)

U 24.25-198 (m/s) 1 0.025-0.05 (m)

April 2012 Vol. 58, No. 4 AIChE Journal
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AIChE Journal April 2012 Vol. 58, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1227



Table 4. Limiting Low pH Levels for Deviations Below 10%
from the Rigorous Results

Limiting Limiting Limiting
Reynolds pH Levels at pH Levels at pH Levels at
Number Ca = 100 ppm Ca = 200 ppm Ca = 400 ppm
4,400 7.60-7.65 7.45-7.55 7.30-7.35
11,100 7.75-1.80 7.60-7.65 7.40-7.50
22,200 7.85-7.90 7.70-7.80 7.55-7.60

= 100 ppm, at TA = 500 PPM as CaCOj;. The limiting pH
values bounding agreement between the rigorous and simpli-
fied equations are seen to be closely similar to those obtained
at Re = 11,000, namely pH of less than about 7.6-7.9 for the
low pH equation and above 9.2-9.5 for the high pH equation.
The above examples illustrate the general result obtained
by extensive calculations. The limiting pH values bounding
agreement between the rigorous and simplified equations are
primarily dictated by the pH level with only minor effects
generated by solution concentration and Reynolds number.

Applicability limits of the low-pH simplified model

Absolute deviations in the CaCOj; precipitation rate calcu-
lated by the simplified low pH model and the rigorous model
are displayed in Figures 5-7 at pH levels in the range of 7.0 to
7.9, Re numbers in the range of 4,400-22,000, calcium concen-
trations in the range of 100-500 and total alkalinities in the
range of 100-500 ppm as CaCOs. It is seen that the applicability
of the simplified low pH model is best at the lowest Ca concen-
tration and the highest Re number.

Table 4 summarizes the limiting pH levels at which the
CaCOs precipitation rate evaluated by the simplified low pH
model deviates by less than 10% from results calculated by the
rigorous model. The lowest limiting pH level of 7.3 is obtained
at Re = 4,400 and Ca = 400 ppm. The highest limiting pH level
of 7.9 is obtained at Re = 22,200 and Ca = 100 ppm.

Applicability limits of the high-pH simplified model

Absolute deviations in the CaCOs5 precipitation rate eval-
uated by the simplified high pH model and the rigorous

14.0% « x4
120% ¢ %
= 100% & —"
g -' ‘.‘ .“...
£ 80% 3 TR Ot
© H
S 6.0% | i
v : ""
a 40% _‘.n .,llllll"'--.. *
2.0% . .. ‘-.‘_-.niioo
0.0% Rl
9 9.5 10 10.5 11
pH
OCa 100ppm

Figure 8. Absolute deviations of the high pH model at
Re = 4,400, Ca = 100 ppm, TA = 200-500
ppm as CaCOs.
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Figure 9. Absolute deviations of the high pH model at
Re = 11,100, Ca =200 ppm, TA = 200-500
ppm as CaCOa.

model are displayed in Figures 8-10 at pH levels in the
range of 9.0-11, Re numbers in the range of 4,400-22,000,
calcium concentrations in the range of 100—400, and total
alkalinities in the range of 200-500 ppm as CaCOs;. The
trends observed in Figures 8-10 illustrate typical limiting
conditions at which the high-pH simplified model provides
reasonably accurate results.

Table 5 summarizes the limiting pH levels at which the
CaCOj5 precipitation rate evaluated by the simplified high pH
model deviates by less than 10% from results calculated by
the rigorous model. It is seen that as in the case of the low
pH model, the applicability of the high pH model is best at
low Ca concentrations and high Re numbers. At Ca = 100
ppm and Re = 22,200, the high pH model can be applied
over a wide pH range extending from 8.9 to 11. At Ca =
400 ppm and Re = 4,400, the high pH model can be applied
over a narrow a pH range extending from 9.5-9.8. However,

14.0%
12.0%
10.0%
8.0%
6.0%
4.0%
2.0%
0.0%

Deviation %

9 9.5 10
pH
M Ca 400ppm
Figure 10. Absolute deviations of the high pH model

deviations at Re = 22,200, Ca = 400 ppm,
and TA = 200-500 ppm as CaCOs.

10.5 11
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Table 5. Limiting High pH Levels for Deviations Below 10%
from the Rigorous Results

Limiting Limiting Limiting
Reynolds pH Levels at pH Levels at pH Levels at
Number Ca = 100 ppm Ca = 200 ppm Ca = 400 ppm
4,400 9.2-10.0 9.45-10.0 9.5-9.8
11,100 9.1-10.6 9.25-10.60 9.3-10.0
22,200 8.9-11.0 9.15-10.75 9.25-10.40

the deviations at high total alkalinities are less pronounced.
For instance, the deviation for a high calcium concentration
of 400 ppm at a pH of 11 is less than 10% with Re numbers
of 4400, 11,100, and 22,200 when TA = 500 ppm as CaCOs.

Concluding Remarks

The present study describes the range of conditions at
which the rate of CaCOj scale deposition in isothermal flow
through a tube may be evaluated by simplified low and high
pH equations. The results of the analyses show that the low
pH model is usually applicable when the solution pH is
below 7.6 and the high pH model usually holds when the so-
lution pH is above 9.5.

One of the most widely encountered CaCOj3 scaling sys-
tem is in the circulation of cooling tower water through heat
exchanger tubes. The equations derived in this article can be
readily adapted for predicting the rate of CaCOj; scale depo-
sition on a heat exchanger tube by evaluating solution prop-
erties and mass transfer coefficient at the surface temperature
of the tube.

Notation

¢ = molar concentration, mol/m3
= bulk concentration of species, mol/m?
Cin = interfacial concentration of species, mol/m?
D = diffusivity coefficient, m?/s
E = activation energy, J/mol
F = Faraday constant, s/A mol
J = ionic flux, mol/m2 S
ko = pre-exponent coefficient, m*/s mol
kp = mass transfer coefficient, m/s
Kgr = reaction constant, m*/s mol
K, = solubility product constant, mol*/m®
| = flow passage diameter, m
r = rate of production
R = universal gas constant, J/mol K
Re = Reynolds number
Sc¢ = Schmidt number
Sh = Sherwood number
T = temperature, K
u = mobility of species, s mol/kg
U = fluid velocity, m/s
V = electrical potential generated by ions motion, V
z = charge number
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Subscripts

i = ionic species
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